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Quiz

Let A,QQ € C"*™ and \q,...,\, be the eigenvalues of A. The trace of A is

defined as Tr(A) =Y 1" [ (A)u, A* = A" .
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2.
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det(A*) = det(A) FALS (= def(AX) —def (A )_ ded CA) =d2(4)

onod
The eigenvalues of a triangular matrix are given by m,d_R_ entries. TrQ
- : ‘l
(Note: A diagonal matrix is triangular) P« o d jgohaﬂ mafrix, dedA
C

, , A)=ce{
2 iz Ai = Tr(A), TTZy Ai = det(4) . Pro\ae-. i €:)c_£we (A-AT)= 'T\_(Q(L

Eigenvectors corresponding to different eigenvalues are not IILCCSS(II‘IIY lin-
early independent +ALSC, et %@r\VGC'vas co rooqo({ (féy en{ @aeml,gébej

If we know all eigenvalues of A, we know if A is 1nvcrt1 C

A inelblel=D 0 no € 8@.—.\/0&&

. What are the e}lgcbralc and geometric multiplicities of an mgonvaluc A?

ic Qs VOD’r det(4-31) > dim NCA-KT)
m’?l{B‘;/! :fg tﬁgd\amon‘cal thgorcn.f(o‘tf algebra, any polynomial with real coeffi-

cients has real roots. —n( g &, & g nomiol with reod coeffcios I’)ns
lox vraols (nol necessady reas|
det(PA) = det(A) when P is a permutation matrix (attained from swap-

ping columns/rows of the identity matrix) TFALS £, e C P A-) t g(ﬁ,{A f\& o1 nemlze,

(Co0lwm, Swaps
det(Q)| = £1 and |A| = 1 if Q € C"*" is an orthogonal matrix (Q7Q =
with eigenvalue A. (Extra question: what if @) is unitary, i.e. Q*Q = I7 )

We Pf°°£ 4-[42 -l»uuo fJ’&I@W&‘Lf CQPQrQb,%:

) JN[=1 & presevves e&x/é;
Qu=&v =D [[Qui =l =N I Z IVl = M= 1

2> 0{24' Q=+ 1

A=olet [ = oled (&TQ) =oled (QT) ted(Q) = oled(Q)°
= odle} &\ =

‘,\ .“/\,C’_ case ’H’\Q/i & 1S M‘l'o"a\,(,e we Sa(
A=oled T = dded (F @) =ded (&) oed(Q) = oed( Q) vd@)

= loed@)] " =>pled (Q)) =1 (on wil cinte in Corler g



Chonge of basis

is wodes

Corside two bases )?4={U4‘ ---\Un} of \R”‘/—? Jﬁe_chi«/ S'Pnﬂce%vmo(‘

Ro< {4’4. L 0"} a4 IR

uniQue

A W‘("OV Xe’(Rh can be VQPV@WV"CC{ as o:\{e('f\es:w combination Oﬁe veckors | A
B4 (o B). The coedlicionts of Hhis Cineor combinakon wribe, as a
veckor ™l coordinale veckor o regarding B¢ (ov B2), W [OVB(:(@'J_)
A change of boss mokvix allows us to  Swikch  betwees,

cooerd male ve,aore,sen/rw({om vegaroling ol Hoet boses.
r | | lhe ch of basic made
% e chon asis Mot x

| = @4]3'1 E%JB’( lﬂ@rom 34 JrC?CBL

B I l t ales o vectorin B, represe«far([o—» to
— E4
Hais nome is usuoadly uee(: T tansforms space in B4 {o
QPQCQ I @1
l [ \ s Hae chonge of basic mataix

L iy,  @alg| Fom B to Ba

t alees o vector in 34 Vepfesé\'{a"(’l-'O’l 4o
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TE{(Bl = xIpaq
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cae o1 B &), v (ELH] B

The change o,f basis mabix fom B¢ o B, (3
4 6 O
™. 8. 1)-
{OB«OB'\ 3184 %%03

ono| telkes a 1seckor in coorvelinade representalio., regaelig B2 o
coovdinale veprese~tadio. "eé’a"d“‘"(f’ B»(

The. C(/\Qnge 0{ basis madix ierom B.L 1o B,, (S
(

™ 8, B 1) B4

O o1np

ano| talkes a 1sechkor in coore(inake representaltio., vegaclin f?/, lo
coordinale VZPVQS@\&QHOV; Vegmd{'m&o B.,_

(omposition of change of basis malrices
L@( T/] loe ‘H/l@— C&lam Qe °’€ bom's modr X Z/OWI Bo o B']

—

{1_ ec/OVVI BO ’lO B‘Z
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:> T«ﬂ s the chon -{d 0£ basis malrx Erom 3+ 1o Bl

'{_qc_é \'H).(Aﬁs 1secfor from 2+ 4o B,
Vekoy i~ B, 4o B, represedadion

We can ue fhis 1o construct vepresetation mMotnice s Vegavo(('«\{
baces of o choice ! Aggune A is {he madsix of a Ciearmap Sin
vegavd fo {e basis (3o (e-»& stondavd basis) :

Then T:\_(AT?_ covvesponds lo the some fineor Mmap vegeaveling
bates Bq, By, falirg as inpd o veckor i 3, @ g(ing one bael
N Coovd inale repre se~d o (o4 vega-cling B,
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¢ xercise (onsider {he Cineor meap L IR — \RT olefined oy
LLX(%\:L)':' (—BX '6(6(3( 2—?‘; X’('%'(' &)
3 :

/l> il:('nO( the VQPVQS'@'\‘{'O\-HO./, matrx AelR?" O«Q L Vegavd«ngw‘he

cononicof bases SQ(E‘],E{R 0£ ﬂl? (("\PU*\'/OU"P“‘- in Hnis bacis)
——DT\rwafovm basis vectors _

T T I T
L(1,000) = (3,001, LCOctco)= (&0 1),
L Co, 0(7)T: (D( 1(4)T

R IUR | 3 ¢ o
e A= {LCZ(«) L(leﬂ LCel's)] = [517 § (/Ll/}

st o v (0, oo G T

Find fhe change of basis Mmadtvices
T ,Qmm the séa-dovd basis $o Bql
T ,Q«om the ssondovd basis to B,

and 1hea (rom By to B4 (gc\r@ [0‘51 ’T_,_,\T,L

T/l’ ( (@rom e xowple )

Finally | i Fhe cepresed ation matviy of L in regod fo bages 34,3,
Hnak fales oc ot o vecor i Ba repesentadion ond  0ut pks o
vedor in oordinales vegoveling (3

T/t=[% %gj
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_]_/l-—(A —l_’z is dhe re,p(ewxla—l-ion ma*‘v()( 02 L in re_chVd to lbaces 81(122



Similar matrices, einendecomposition

. -
A{B é[P\hXV\QV@_ C_oﬁ@&i g[rw"&lr l*f B =S A S ,}DOV SOre nebbe
makeix  Se(R™M

_ > Aond B are the same Lincor map wwley difeyerd bases,
S and S owve the Ve.rpecﬁ‘ve c_ﬁmuge o(f baric modrice;

So me_ |Pv o ()e(r[—ies

o gim(éQv m&*rices have the same Lotlows £rom (1)
4) chavaclristic Poezdwcmf@?

1} el %envaﬁueg wifh same Qfaebvcic ond geo metric W\ue(-{p@«'ciké
'3) vonle (mulkplying with 2ull ronle makvix doest change ranlc)

) teace (D

3 delerminoat (1)

* The simiday velotion S an equvolence velokion
— in povticulor | transibive (see ex. 12 :7_)

A modkeix Ac®™ s d(&gono&'z&b(@ L is similer o o

d[a.gomao mO:l-.nx &) A = VvV _Av—lgor Sore O(“ngf\o-d madrix
Ae//?"“‘. Wwe Qv this deco mposidion o speciad rome:
eigenvalue decomp osikion .



Eigenvolve ole composidcon
~
A =/\/ ANV
\

egenvectors e qenvalies on diagponod,
oS Colimng other entries 2ero

Nole:
The moatrix V Log o o ihe Oo malvix

Tl/\e @O—QQO wir\g Sf(‘QJemQ/\-('S oe un;vogeq“lt A elpnfﬂ

« A is dlagonalizable

o An eigewalie decomposifiom of A exisés

» Thewe exists o basis of eigerveckors of A of R"

* Thewe exis§ n el‘r\eq-weg I‘AC(Q{OZ/nQ{eﬂJ- efgz—.\,ecéovg o( A

s Tor evefcd_ ei %envaﬁue, Tthe geo medvic QAO( Ozége(om{c
th»@(-iw(a‘lies ove the same

(fodm'-

For ony eigenvolue N, & QROmetic mutkiplicily ¢ algebraic mutkiplicily

Proof 4hal gerometvic V“U%Pe(a'lg ¢ clsebraic mu&(—v‘p&'cilg :

AsSume. X % o eigenvolue of AelR “ wilh geo medric meedipliciby L.
olimn V(A =RT) =\, thewe exisl |¢ eigen~vectors €54, .., G covespording
o X(. We exld these vectors to a bagis ond el an inveudible vaatix V.

[ |
V= (E,r (,lbc @KL 'Ulm]
( I

L —~—~—
eq ewnvedovs other e oy ¢
N0 0 0 —]
A\/: A'(?"l A‘On = O D ">\'(9\<A’(9K-\—’l Ao(_gh
\ | © 0 6, \ | |




\We 22l methivty with Vi (V=T = Vasg=el)

NO000 |
-( —f (l \‘ \ =1 \ \ l DA: O @
AV A\/: \% ,\'194 VAV VA@KH"'\/A,O(,‘ -\ - ‘)\\
| \ \ | O C
—
A ond \/P(A\/ owe ¢imilav ond Yaus have Yhe same chavaclrishc polynomiag:
i A =Nl |
det (A-AL)=det(vAv-AT)= oled ( e 13 _
O C——XIKXQ
—

= det ((x'§}\);\_:\o“) olet CC—~>\I|4X1< ) = (X(_ x) < de! CC-*kaxk )

The Qegeb ro\c Vhbét(.'loéic.('é{ O’f >\‘ 'S ot Peast e =dim N(A—XlI)I
the geometric multiplicily of A

E‘XQW& Which of the following makrices 5 dingonalizable ?
A0 BEX = {4 q
A= © 1 B = (@ OI o 1

/

)\ O((acgo,noﬁ madi X S

C(Zbuo.({s o{,\'q%oncﬁ(%ab(e.
[ HAts cose, the e;geqvo&z@s
ave 1 ond 2.

nol o(fago nelizabe,
omelogos ovguwent to

ded(B- \T) .

= \Nc=o0&) 2T0

Q S ane.v. with ou@ge(prqic
YVwa. 2 . I—(oq,e_qe(/( B has vanle ’(,
N(B) Jdimenson vv\eo«u'ng

the 8eomc('ric mly. of O is =1
=B s nod dfqtgona&'ao.(o(e

Um\(?—o\rd-u\e&e,&a( no § e,u@rc(f VV\QJ&-«ZK LS O(l.ngnQ,Q{-ao wle (os we cec)

However (

«,(Zov SVMMCH[C matrices H’\a Spedmﬂ theorem oiq,aé(‘eg.



The Spec.-f-r—az T heovrem

Let AcRY de Symmetvic (AT =4)
e A has n reol e_igenva@vcy
e Thewe exisks on ovdlhonormald besis of lRH OQQESQ/\VCC{OVF of 4
o A has e eigendecomp osifion A = UAUT whee U
1S ov&hocgona@@r\d V'S olumns Povm on orvkhonormald pascs

of )

¢ YXerwse 111 b
Tind dhe V@prcsén%&ma madrix 13 o»‘e the m@@dﬂbn %rougé,%
: X
P(ome_ Qiven Iy P- §[2]6l23 [ Ix£ Cég = OK
The main idea heve s thal we con decomp ose (Eg indo
P+PL=|R3 whee P = SPon {h} where nis a normad wedor
on P (@eng\%, one and oréé\ogaono? {o od) aec,éovs I P)

Projeching o 1seckorx ondo spon th § (VRS US oy the pord of x

~\-(/\a/l/; ovl—(/\ogonoé do P gubW(‘?”‘g Hhis P“‘?A.ec}"o" Once ﬁ«rom X

efiminades Hhis ovihogonal ,DQVL comp e?/leég, Suw'mc({ng il fwice

Loips the sign of Hue ordogoreld pouk. We con expess this qg

zﬂeeOWSf X = X_'\'Xl

[
poalledtop > othogonel fo P
The FVOA.&FO"' Mmadvix onlo §POn th (s __mn' = V\V\T
_ . nTn

V\l"\l X = Xl :’> ><—- ZnnTx:u— ZV\K\T)X — X_—)(l
- —
+his is the modrix B

Scch a madvix is called “houe holde, matvix” oind com be used

fo comple the QR decomposifion (you witl sae i i Nom €S ()



MWQH%Q(A | we con see this as a cﬂlam@e ef basis ProMme
we ¢eele to Lind a bagis B ulhere rz_'ﬁéeoﬁng o«éof\g P is a very simpd
operakion — chan ging Hhe Sign of one component of | |

'ro ao&ueve ""‘L\isl we LUO«"“I' One bogl'f \/Z&('OV 'k) 6& o ¥ nomoj
weckor fo P and e e fwo 4o spon He plae P.

5 B |l o)
A subable basis i B = (5 308 O]%
O ( O [ 1
R{\/

[ 5L
Spans P Span P

(we con @ad it Ly e.g- rofsding the Linl trcdor appvopr.'ale%, oF
s ketchring € )




\Wwe COW\WUIQ Hre gOeZOCLA'/\g Change of lbasif Madr.ces
Lo the stondavd basis o T3 -

2(¢ -G(¢e o
1= |4y 305 O
0 o

Leom B 4o e skandad bosis :

— -3(s "C@/_f_ (@
T= |-4(s 3(5 O
0 o

ond the re{éec,(lon modrix in re«govo( +o the basis s

-1 O b
=10 1 o
A O 0 A

Pie cing this dogether vesulls in:

—~1
B TAT
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beacle o0 ¢
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