













































































































FelizBorqueLinear Algebra
Week 14

Quiz

TRUE

itsuffices that one eigenvalueis andother I 5
doesn'thold

FALSE the ordermatters E can be provenwith within
determinate try foryourself

FALSE Amighthaveeigenvalues that arenot positive

A isdiagonalizablewithrealeigenvalues there exists anorthonormal
basis ofeigenvectorsof IR A has spectraldecomp A V AUT with orthogonal

Neitherdirection holds Considercounterexamples 1 for 18
Agoodexampleis often A

TAX XT LDLTX TL 7121712 TX I TD LT
1 LTX T D n Tx 11D LT 112 0

and 111525 112 0 D LTX O 0 as 1 LT
is invertible 1 712 is diagonalwith nonzerodiagonalentries 2 is
uppertriangular with 1 s on the diagonal

Hence TAX 1117112 Tyll 0 for all 0 A is PD














































































































We call a symmetric matrix A ER

positive definite PD
if all its eigenvalues are positive

TAX 0 for all

ypositive semidefinite PSD
if all its eigenvalues are nonnegative

definedlikethis

TAX 0 for all EIR

Some key facts for SUD

For any AEIR ATA and AAT

are symmetric and positive samidefinite
have the same non zero real eigenvalues

skectraltheorem

The singularvalues of A are the square rootsofeigenvalues of
A AT ATA
We arrange them in Σ EIR where Σ o is the ithlargest
singular value of A and all otherentries of Σ are zero

There are eigenvalue delompositions as follows
AAT UΣΣTUT AATU G Ui

AAT ΣTΣ VT ATA Vi Tibi
where Vi Vi are columnsof U V

V and V are orthogonalperthe spectraltheorem














































































































The singular value decomposition
Any HEIR can be decomposed as

A U ΣVT
mxn mxn mxn

columns un Um are

normalized eigenvectors of AAT
U 4 left singularvectors

orthogonal henceorthonormal columns
and vows

diagonalentries are singular values0
of A square rootsofeigenvalues ofΣ f T.io AAT ATA
512 Or Orta 5minmintinsman

Is L
singularvalues

columns on ten rows of T are

I normalized eigenvectors of ATA

Y rightsingularvectorsI orthogonal henceorthonormal columns
and vows














































































































Computing SVD

f we have alreadycomputed U v we can get U

as follows

A V VT AV UE Avi Gini for 1 11 in

A U ΣVT UTA EVT UiTA Jiuffori 1 im

Exercise find the SVD of A 8
we comp te ATA and AATalongwith their eigenvalueseigenventa

AAT AT

AAT and ATA have nonzero eigenvalues 2 1
On R Tz F 1 ian be read off from AAT

eigenvectors of AAT Un v2

For those of ATA we use un ve

UntA To VIA feet
1 0 1 front which gives us 01

1 0 02T

Use NCA v3

a ATAus 003

0 189 Ut r 1 Σ 8

A 6971898
















































































































Fundamentalsubspaces with SVD AV U Σ

Pp Iii AT IEIEI ies.anb.ve
to proof thestalemateonp III tweett

Exercise HS 19

7

NUNCA

NCAT

The Pseudoinverse with SVD

At_WE'UT








































































































http://timbaumann.info/svd-image-compression-demo/






Reduced SVD

As all singular value Gran Gp are zero column's rte

of V and don't contribute to A we can write

A UEVTIY.EE T
I first v vous of VT

first r
columns ofu

firstr columnsof Σ

Examples

Application of SUD Imagecompression
Echort Young Mirsky theorem best low rank approximatio

Are is best work k approximationof
A in terms of spectralnoun

settingTuts Op to 0





References:

Last years course

https://github.com/mitmath/1806

https://courses.grainger.illinois.edu/cs357/sp2021/notes/ref-16-svd.html



































